ABSTRACT
Introduction
Nonlinear oscillations in engineering, physics, applied mathematics and in many real world applications has been a topic to intensive research for many years and several methods have been used to find approximate solutions to nonlinear oscillators [1, 2] . In general, given the nature of a nonlinear phenomenon, the approximate methods can only be applied within certain ranges of the physical parameters and to certain classes of problems. The purpose of this paper is to calculate analytical approximations to the periodic solutions to the quintic Duffing oscillator [3] [4] [5] . To do this, the Chebychev series expansion of the restoring force is used [6] [7] [8] [9] [10] 
Solution procedure
A quintic Duffing oscillator is an example of a conservative autonomous oscillatory system, which can be described by the following second-order differential equation
with initial conditions
where
is an odd function and € ε is a positive constant parameter. We denote the angular frequency of these oscillations by ω and it is a function of the initial amplitude A.
The quintic Duffing equation is difficult to handle because of the presence of strong nonlinearity and it has no known closed-form solution [3, 4] . [6] and Jonckheere [7] . To do this we first introduce a reduced variable € y = x / A in Eqs. (1) and (2) and we obtain
Eq. (3) can be written as follows
A cubication of the nonlinear function g(y) can be done by expanding g(y) in terms of Chebyshev polynomials of the first kind € T n ( y) [7] . Doing this gives
and we have taken into account that
is an odd function of y. The first two polynomials for n ≥ 2, so we approximate Eq. (6) retaining only the first two terms as follows [9, 10] 
The nonlinear differential equation in (1) can be then approximated by the nonlinear differential equation
This last equation is now of the form of a cubic Duffing equation which can be exactly solved. As we can see, the cubication procedure consists in approximating the original nonlinear differential equation (1) 
and its frequency is given in terms of the complete elliptic integral of the first kind
defined as follows 
As we can see these expression are very simple and easily computed with the help of programs such as MATHEMATICA. 
Comparison with the exact and other approximate solutions
For very large values of λ it is possible to take into account the following power series expansions
Furthermore, we have the following equations In Figure 1 we plotted the relative error for the approximate frequency € ω(λ) (Eq. (16)). As we can see from this figure, the maximum relative error is 0.37%.
Lai et al [3] have approximately solved the quintic Duffing oscillator applying the Newton-harmonic balancing approach and they obtained that the maximum relative errors for the approximate frequency are 5.86%, 1.08% and 0.23% for the first-, second-and thirdorder approximation, respectively. As we can see, only the third-order approximate frequency is better than that obtained in this paper, but its maximum relative error (0.23%) is not very different to the relative error (0.37%) obtained using the cubication method considered here. However, as we can see in reference [3] , to obtain the third-order approximate frequency using Newton-harmonic balancing approach is more difficult than to obtain Eq. (16). However, we can see that the method considered in this paper is very simple and easy to apply.
The exact periodic solutions 
Conclusions

